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$J$ . Agler and M. Stankus [1], [2] and [3] distribution differential operator
(Dirichlet operator) m-isometry : $\mathcal{H}$ complex Hilbert space
$B(\mathcal{H})$ $\mathcal{H}$ ${}_{m}C_{k}$ the binomial coefficient
$T\in B(\mathcal{H})$ $\sum_{k=0}^{m}(-1)^{k}{}_{mk}CT^{*m-k}T^{m-k}=0$ m-isometry
$B_{m}(T)=T^{*m}T^{m}-{}_{m}C_{1}\cdot T^{*m-1}T^{m-1}+\cdots+(-1)^{m}\cdot I$
$T^{*}B_{m}(T)T-B_{m}(T)=B_{m+1}(T)$ $T$ m-
isometry (m $+$ l)-isometry m-isometry
(m $+$ l)-isometry
THEOREM A-S-1 [1]. Let $T$ be an m-isometry. Then $B_{m-1}(T)\geq 0$ .
$T$ $\sigma(T)$ $T=\{z:|z|=1\}$
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THEOREM A-S-2 [1]. Let $T$ be an m-isometry. Then the following assertions hold.
(1) If $z$ is an approximate eigenvalue of $T$ , then $z\in$ T.
(2) If $T$ is invertible, then $\sigma(T)\subset$ T.
(3) If $T$ is not invertible, then $\sigma(T)=\{z : |z|\leq 1\}$ .
m-isometry
$\searrow$
A. Athavale [4] unilateral weighted shift $Te_{n}=w_{n}e_{n}$ $(n=1,2,3, \ldots)$ $w_{n}=$
$\sqrt{\frac{n+m}{n}}$ $T$ (m $+$ l)-isometry m-isometry
$m$ (m $+$ l)-isometry m-isometry
$w_{n}=\sqrt{\frac{n+1}{n}}$ Dirichlet shift T. Bermudez, A.
Martinon and E. Negrin [7] weighted shift m-isometry
I.B. Jung weighted shift 2-isometry
( 1737, 46-55) .
2. m-isometry
[8]
THEOREM COT-I. For an m-isometry $T$ the following statements hold.
(a) If $a$ is an eigenvalue of $T$ , then $a$ is an eigenvalue of $\tau*$ .
(b) Eigenvectors of $T$ corresponding to distinct eigenvalues are orthogonal.
(c) If $a$ is an approximate eigenvalue of $T$ , then $a$ is an approximate eigenvalue of $\tau*$ .
(d) If $a,$ $b$ are distinct approximate eigenvalues of $T$ , and $\{x_{n}\},$ $\{y_{n}\}$ sequences of unit
vectors such that $(T-a)x_{n}arrow 0$ and $(T-b)y_{n}arrow 0$ , then $\langle x_{n},$ $y_{n}\ranglearrow 0$ .
THEOREM UT [10]. Let an operatorT satisfy that if $a,$ $b$ are approximate eigenvalues
of $T(a\neq b)$ and $\{x_{n}\},$ $\{y_{n}\}$ are sequences of unit vectors such that $(T-a)x_{n}arrow 0$ and
$(T-b)y_{n}arrow 0$ , then $\{x_{n},$ $y_{n}\rangle$ $arrow 0$ . Then $T$ has Bishop’s property $(\beta)$ .
Theorem COT-I (d)
THEOREM COT-2. An m-isometric operator $T$ has Bishop’s property $(\beta)$ .
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THEOREM COT-3. Let $T$ be an m-isometry. If $T$ is invertible and pamnormal, then




$T^{*2}T^{2}-2T^{*}T+I=0$ and $T^{*}T-I\geq 0$
P-l $\sim 6$ $T$ 2-isometry
THEOREM P-l. Let $T$ be power bounded. then $T$ is an isometry.
THEOREM P-2. If $T$ is similar to some spectraloid opemtor, then $T$ is an isometry.
$\sigma_{\pi}(T)$ $\sigma_{p}(T)$ $T$ the approximate point spectrum the point spectrum




THEOREM P-4. If $z$ is an isolated point of $\sigma(T)$ , then $z$ is an eigen value of $T$ .
THEOREM P-5. If $m(\sigma(T))=0$ , then $T$ is an isometry, where $m$ is the Lebesgue
planar measure.
THEOREM P-6. Weyl’s theorem holds for $T$ .
2-isometry [8] 2-isometry $T$
$T^{*}T-I\geq 0$
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LEMMA COT-4. For a constant $a\in \mathbb{R}$ and $m=2,3,4,$ $\ldots$ , it holds
$- \sum_{k=1}^{m}(-1)^{k}{}_{m}C_{k}(1+(m-k)a)=1+ma$ .
LEMMA COT-5. Let $T$ be a 2-isometry. If $T^{*}Tx=(1+a)x$ for some constant
$a\in \mathbb{R}$ and a non-zem vector $x\in \mathcal{H}$ , then, for every $m(m\geq 2)$ ,
$T^{*m}T^{m}x=(1+ma)x$ .
THEOREM COT-6. Let $T$ be a 2-isometry. Then $T^{*}T-I\geq 0$ .
PROOF. We assume $T^{*}T-I\not\geq 0$ . Since the operator $T^{*}T-I$ is hermitian, there exist
$a<0$ and a sequence $\{x_{n}\}$ of unit vectors such that $(T^{*}T-I-a)x_{n}arrow 0(narrow\infty)$ .
By Berberian‘s method [6], we can assume that there exists a non-zero vector $x$ such
that $(T^{*}T-I-a)x=0$ . Hence we have $T^{*}Tx=(1+a)x$ . Since $T$ is a 2-isometry, by
Lemma 3 it holds
$T^{*m}T^{m}x=(1+ma)x$ for every $m\geq 2$ .
Since $a<0$ and $\Vert T^{m}x\Vert^{2}=(1+ma)\Vert x\Vert^{2}$ , it’s a contradiction for some large $m\in$ N. $\square$
corollary
COROLLARY COT-7 [9]. Let $T$ be a 2-isometry. If $T$ is power bounded, then $T$ is
an isometry.
THEOREM COT-8. Let $T$ be a 2-isometry. If the mnge of $T$ is dense, then $T$ is a
unitaw opemtor.
corollary
COROLLARY COT-9 [1, PROPOSITION 1.23]. If $T$ is an invertible 2-isometw, then
$T$ is a unitary opemtor.
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